Revealing Quantum Advantage in a Quantum Network by Mukherjee, Kaushiki et al.
ar
X
iv
:1
41
0.
02
57
v2
  [
qu
an
t-p
h]
  3
 M
ar 
20
16
Revealing Advantage in a Quantum Network
Kaushiki Mukherjee,1, ∗ Biswajit Paul,2, † and Debasis Sarkar3, ‡
1Department of Mathematics, Dr. A. P. J. Abdul Kalam Government College, Kolkata, India.
2Department of Mathematics, South Malda College, Malda, West Bengal, India.
3Department of Applied Mathematics, University of Calcutta, 92, A.P.C. Road, Kolkata-700009, India.
(Dated: October 2, 2018)
The assumption of source independence was used to reveal nonlocal (apart from standard Bell-
CHSH scenario) nature of correlations generated in entanglement swapping experiments. In this
work, we have discussed the various utilities of this assumption to reveal nonlocality (via generation
of nonbilocal correlations) and thereby exploiting quantumness under lesser requirements compared
to some standard means of doing the same. We have also provided with a set of sufficient crite-
ria, imposed on the states(produced by the sources) under which source independence can reveal
nonbilocal nature of correlations in a quantum network.
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I. INTRODUCTION
The analysis of correlated statistics of measurement
outcomes in a quantum network has emerged as a re-
cent trend in the study of understanding correlations[1–
7]. This sort of analysis has enriched the study of quan-
tum theory from both theoretical as well as application
viewpoint. From the theoretical viewpoint, this study
led to the discovery of nonlocal nature of quantum pre-
dictions that cannot be described by any locally causal
model [8]. As applications, this has revealed the poten-
tial of nonlocal nature of certain quantum states, used in
quantum information technologies, specifically for private
randomness generation [9, 10], quantum key distribu-
tion [11, 12], for reducing communication complexity [13],
device-independent entanglement witnesses [14], device-
independent quantum state estimation [15, 16]. The key
feature of all these applications is the fact that quantum
non locality could be used in a device independent man-
ner. Besides, this study can also be applied in various
other tasks involving quantum networks such as quantum
distributed computing [2], quantum repeaters [17–19].
Entanglement swapping experiments [19] reveal nonlo-
cal nature of certain class of quantum states (entangled
states) more strongly compared to standard Bell- CHSH
scenario[20]. Motivated by this intuition, bilocal scenario
was introduced in [1] and further analyzed in [2–7]. Bilo-
cal scenario is a general scenario of quantum network
involving three parties characterized by independence of
two sources shared between the parties. This concept of
source independence has emerged as a step towards ex-
ploiting nonlocal character of quantum correlations in a
more common sense than that can be usually thought in
a usual Bell scenario, thereby revealing quantum advan-
tage in a network. For instance, a visibility of V > 50%
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is enough to reveal quantumness (nonbilocality) in a bilo-
cal network using Werner state[21] in contrast to a visi-
bility of V> 70.7%(for projective measurements[21])and
V> 66% approximately(for POVM [22]), required for a
Werner state to be nonlocal in usual Bell sense. This in
turn guaranteed presence of local but nonbilocal correla-
tions.
In this context, it was interesting to observe that the as-
sumption of bilocality can be applied to lower down the
requirements to demonstrate quantumness in a system
compared to some preexisting standard procedures. For
instance, sequential measurements are usually required to
be performed on some states in order to reveal the hidden
nonlocality of the states([23]). Interestingly we have con-
sidered a particular family of X states([26]) which reveals
hidden nonlocality under a sequence of suitable measure-
ments. But the same state, when violates bilocal as-
sumption in a network, generates nonbilocal and hence
nonlocal(apart from standard CHSH sense)in absence of
any sequence of measurements thus showing the efficiency
of this assumption to reveal nonlocality compared to se-
quential measurements. In order to provide another in-
stance we consider the concept of steering which is con-
sidered as failure of a hybrid LHV(local hidden variable)-
LHS(local hidden state) model to generate the correla-
tions between two subsystems([27, 28]). From set the-
oretic viewpoint, set of steerable states forms a subset
of entangled states. So there exist some local entan-
gled states which exhibit this weaker form of nonlocality.
Again nonbilocality can also be considered a weaker form
of nonlocality. This in turn gives rise to the intuition that
there is a possibility of existence of non steerable states
whose nonlocal nature can be guaranteed in a bilocal sce-
nario.
A. Summary of our work
In this paper, we have derived the bound for viola-
tion of the bilocal inequality(Eq.3) by X states[29] un-
der projective measurements. This bound in turn has
2helped us to prove the efficiency of the source indepen-
dence assumption to exploit nonlocality of an X state
over some standard means. Specifically we have ana-
lyzed generation of local but nonbilocal correlations in
a network using T states[31] which form a subclass of
X states. The bilocal inequality may also be used to
reduce the requirement of filtering operations(particular
type of sequential measurements) over some X states to
reveal hidden nonlocality. Also we provided with ex-
ample of some quantum states which may not be steer-
able both before and after being swapped in a network
but can generate nonbilocal correlations. In totality, we
have shortly discussed the various possibilities of reveal-
ing nonlocal(nonbilocal)correlations that the bilocal as-
sumption provides in a quantum network. Now from that
perspective one obvious question arises: what may be the
criteria to be satisfied by a quantum state to produce non-
bilocal correlations in a network? The last part of our
work basically focusses on this query where we have tried
to make a systematic study of the constraints which when
imposed on a two qubit state suffice to produce nonbilo-
cal correlations in a network. From set theoretic view-
point the set of bilocal correlations forms a subset of the
set of local correlations[3]. Hence local correlations ob-
tained by using two local copies may be nonbilocal. In-
terestingly, by using the bilocal inequality(Eq.(3))to de-
tect nonbilocal correlations, no two local copies of an X
state, if used in a bilocal network can generate nonbilo-
cal correlations. But the bilocal inequality(Eq.(3))being
only a sufficient criteria for detection of nonbilocality, no
such conclusion can be made in general. In [1] Branciard
et.al. gave an example showing that nonbilocal corre-
lations can be generated in a quantum network using a
separable state along with an entangled state. Intuitively
certain amount of entanglement of atleast one of the two
copies used is the minimal requirement for generation of
nonbilocal correlations in a quantum network. However,
in this manuscript we have analyzed the restrictions to be
maintained by the copies of quantum states to generate
nonbilocal correlations in a network via violation of the
bilocal inequality(Eq.(3)). Due to obvious complications
arising in the analytic study for any two qubit state, we
have chosen the class of T states and have given a set of
criteria which when imposed on two copies of T states
suffice to generate nonbilocal correlations in a quantum
network.
Our choice to consider X states only is supported by wide
availability of X states in experimental works. The class
of X states is of particular interest as it includes many
well known class of states such as Bell diagonal states,
Werner states(a one-parameter family of states which en-
compasses both separable and entangled states[21]), etc
[32]. In fact, any two qubit state can be converted to a
X state by passing it through a noisy channel[33]. Be-
sides, density matrix structure of two spin X states are
used in many physical scenarios and can also be achieved
in various experiments [34–40]. For instance, this class
of states was encountered in [41] while analyzing entan-
glement of an atom in a quantized electromagnetic field.
They constitute the spectra of all the systems with odd-
even symmetry, for example, in the Ising and the XY
models[42, 43]. X states were also studied in condensed
matter systems and in various other fields of quantum
mechanics[44–48]. The evolution of entanglement in X
states(subjected to spontaneous emission) was analyzed
in [49] where it was further shown that some forms of X
states remain invariant under general decoherence [49]
whereas some disentangle within finite time. In [50],
the author showed that the “sudden death of entangle-
ment” of this class of states can be increased, decreased
or averted with the aid of local operations. Thus X states
emerge as an important two qubit class of states. Here
we analyze the restrictions to be imposed on the state
parameters of two copies of an X state to generate non-
bilocal nature of correlations when used in a quantum
network.
The paper may be broadly divided into the following sec-
tions: section II deals with some mathematical prerequi-
sites, section III deals with the various directions in which
bilocal assumption in a quantum network emerges as a
better mean of demonstrating nonlocality(nonbilocality)
compared to some standard methods of doing so. In sec-
tion IV we discuss about requirement of entanglement
for generation of nonbilocal correlations when two same
copies of T states are used. In section V we give the set
of sufficient criteria for generation of nonbilocal correla-
tions, in forms of constraints on state parameters of two
copies of T states.
II. PRELIMINARIES
A. Bilocal Scenario of Two-Qubit States
Consider first the bilocal experimental setup (FIG.1)[1,
2]. There are three parties Alice(A), Bob(B) and
Charlie(C) arranged in a linear pattern such that any pair
of adjacent parties share a source and the two sources S1
and S2 are independent to each other. Each of these two
sources S1 and S2 sends a physical system represented
by λ1 and λ2 respectively. Independence of S1 and S2
guarantees independence of the two variables. All par-
ties can perform measurements on their systems labeled
by x, y, z for Alice, Bob and Charlie and they obtain
outcomes denoted by a, b, c respectively. In particular,
Bob might perform a joint measurement on the two sys-
tems that he receives from the two independent sources.
The correlations obtained thereby take the form:
p(a, b, c|x, y, z) = ∫∫ dλ1dλ2ρ(λ1, λ2)
P (a|x, λ1)P (b|y, λ1, λ2)P (c|z, λ2) (1)
where λ1 characterizes the joint state of the system pro-
duced by the source S1 and λ2 for the system S2. The
hidden states λ1, λ2 follow independent probability dis-
tribution ρ1(λ1) and ρ2(λ2) such that
ρ(λ1, λ2) = ρ1(λ1)ρ2(λ2) (2)
3Clearly one can consider entanglement swapping proce-
FIG. 1: The bilocal scenario([1, 2]) where three parties Alice,
Bob and Charlie share two sources S1 and S2(characterized by
the hidden states λ1 and λ2 respectively) which are assumed
to be independent.
dure (with independent sources)[1–5] as a particular case
of this scenario. The correlations of the form (Eq.(1))
and (Eq.(2)) satisfy the inequality B ≤ 1([2]) where:
B =
√
|I|+
√
|J | (3)
with I= 14
∑
x,z=0,1
〈AxB0Cz〉, J= 14
∑
x,z=0,1
(−1)x+z〈AxB1Cz〉
and 〈AxByCz〉=
∑
a,b0b1,c
(−1)a+by+cP (a, b0b1, c|x, z). Here
Ax and Cz are the observables for binary inputs x, z of
Alice and Charlie respectively whereas By denotes the
observable of Bob corresponding to a single input. For
Alice and Charlie there are two outputs a, c ∈ {0, 1}
respectively whereas for Bob there are four outputs
labeled by two bits
−→
b = b0b1 = 00, 01, 10, 11.
B. X states
The class of X states[29] is given by:
χ = ς |00〉〈00|+ κ|01〉〈01|+ ζ|10〉〈10|
+d|11〉〈11|+p(|00〉〈11|+|11〉〈00|)+q(|01〉〈10|+|10〉〈01|)
(4)
with p and q real, ς+κ+ζ+d = 1. χ ≥ 0 demands p2 ≤ ςd
and q2 ≤ κζ. The corresponding state parameters of two
different copies of an X state, χi(i = 1, 2) are thus given
by ςi, κi, ζi, di, pi and qi(i = 1, 2) respectively. Any X
state can also be represented in density matrix formalism
as[30]:
χi =
 ςi 0 0 pi0 κi qi 00 qi ζi 0
pi 0 0 di
 , (5)
i = 1, 2 for two copies.
T states [31]: This class of states forms a subclass of X
states and has maximally mixed marginals:
τi =
1
4
 1 + c3i 0 0 c1i − c2i0 1− c3i c1i + c2i 00 c1i + c2i 1− c3i 0
c1i − c2i 0 0 1 + c3i
 (6)
where |cji| ≤ 1 (j = 1, 2, 3) and |c1i ± c2i| < 1∓ c3i, (i =
1, 2). Clearly for this subclass, ςi = di, κi = ζi (i = 1, 2).
This class of states is equivalent to Bell mixture. Hence
the well known class of Werner states belong to this class
of X states.
C. Steering nonlocality
The concept of steering may be considered as a signa-
ture of non-classicality of quantum correlations[51], inter-
mediate between entanglement and nonlocality. Bell in-
equalities are used to detect correlations compatible with
local causal models. For two parties Alice and Bob(say),
the corresponding correlations satisfy:
p(a, b|−→x ,−→y ) =
∫
dλρ(λ)P (a|−→x , λ)P (b|−→y , λ) (7)
where a, b denote local results, −→x ,−→y the corresponding
local inputs and λ denotes the hidden variable. The bi-
partite correlations are non steerable if they satisfy the
following model [51]:
p(a, b|−→x ,−→y ) =
∫
dλρ(λ)P (a|x, λ)Tr[Π̂(b|−→y )ρ2(λ)] (8)
where Π̂(b|−→y ) is the projection operator corresponding to
an observable characterized by Bob’s setting −→y , associ-
ated with the eigenvalue b and ρ2(λ) corresponds to some
pure state of Bob’s system , parameterized by variable λ.
There exist states which do not violate any Bell inequality
but are steerable in nature([27]). In [51] Zukowski et.al.
gave a criteria sufficient to detect steerability of a bipar-
tite quantum state. The key feature of their criteria is
that if −→u and −→v (members of an arbitrary Hilbert space)
are such that ||−→u ||2 > |〈−→u |−→v 〉| then surely −→u 6= −→v . For
their purpose they considered quantum correlation func-
tion EQM and non steerable correlation function(local
hidden state correlations)ENS. EQM is defined as:
EQM ≡ EQ(−→m,−→n ) = Tr[−→m.−→σ
⊗−→n .−→σ ρ12] (9)
ρ12 is the bipartite quantum state shared between the
two parties. In general the state density matrix can be
decomposed as:
ρ12 =
1
22
3∑
i1,i2=0
ti1i2σ
1
i1
⊗
σ2i2 (10)
where σk0 , denotes the identity operator in the Hilbert
space of qubit k and σkik , are the Pauli operators along
three perpendicular directions, ik = 1, 2, 3. The compo-
nents ti1i2 are real and given by ti1i2 = Tr[ρ12σ
1
i1
⊗
σ2i2 ].
Using Eq.(10), EQM becomes
EQ(
−→m,−→n ) =
3∑
i1,i2=1
ti1i2mi1ni2 (11)
4mi1 and ni2 denote the Cartesian coordinates of the
bloch vectors −→m and −→n defining corresponding mea-
surement alignments and ti1i2(i1, i2 = 1, 2, 3) denoting
the elements of the correlation tensor t corresponding
to the density matrix ρ12. The non steerable correlation
function(ENS\LHS) can be defined as([51]):
ENS ≡ ENS(−→m,−→n ) =
∑
λ
ρ(λ)I(−→m,λ)Q(−→n , λ) (12)
with I(−→m,λ) = P (1|−→m,λ)− P (−1|−→m,λ) and Q(−→n , λ) =
Tr[−→n .−→σ ρ2(λ)], ρ2(λ) being the quantum particle on
Bob’s side. In [51], Zukowski et.al. showed that the
shared quantum state(ρ12) is steerable(from Alice to
Bob) if the corresponding correlation functions satisfy
the Bell-type inequality:
〈EQM |EQM 〉 > 〈EQM |ELHS〉. (13)
They used this basic geometric approach to design the
sufficient criteria for steering:
||t||∞ < 2
3
||t||2 (14)
where ||t∞|| and ||t|| denote spectral norm and Hilbert-
Schmidt norm of t respectively. Any quantum state
which satisfies this criteria(14) is steerable in nature.
They deduced(using Eq.(11)) the more simpler form of
the criteria as:
Max−→m,−→n {E(−→m,−→n )} ≤
3∑
i,j=1
t2ij . (15)
If any state violates the steering criteria given by Eq.(15)
then the steerability of the state cannot be guaranteed by
this geometric approach.
D. Hidden nonlocality
Apart from standard Bell tests, nonlocality in a bi-
partite quantum state can be revealed by subjecting the
system to a sequence of measurements. This was first
shown by Popescu[23] who argued that d dimensional
Werner class of states(d ≥ 5) can show nonlocality if each
of the two parties can perform a sequence of two projec-
tive measurements though some entangled states of this
class cannot reveal nonlocality in standard Bell-CHSH
sense. This type of nonlocality was referred to as hidden
nonlocality[23–25]. A particular type of sequential mea-
surements is given by filtering operations. If ρAB denotes
a state shared between two parties, Alice and Bob(say)
and FA, FB denote filtering operations(projective mea-
surements) performed by Alice and Bob on their particles
respectively, then the final(filtered) state is given by
ρˆAB =
1
N
(FA
⊗
FBρABF
†
A
⊗
F †B) (16)
where N is the normalization factor. If ρˆAB violates a
Bell inequality then ρAB is said to reveal hidden nonlo-
cality.
E. Horodecki criteria
Letρ12 be any bipartite state. Let
M(ρ12) =
√
t211 + t
2
22 (17)
where t211 and t
2
22 are the two largest eigen values of t
T t
where tT is the transpose of the correlation tensor t of
ρ12(Eq.(10)). By Horodecki criteria [52], a state is non-
local in the sense of Bell-CHSH[20], if
M(ρ12) > 1 (18)
For X states,
χi = Maxk{Θi,k}, k = 1, 2, 3 and i = 1, 2 (19)
where
• Θi,1 = 8(p2i + q2i )
• Θi,2 = (ςi − κi − ζi + di)2 + 4(pi + qi)2
• Θi,3 = (ςi − κi − ζi + di)2 + 4(pi − qi)2
We now introduce variables ǫi, δi and ξi(i = 1, 2) such
that:
Θi,1 = 1− ǫi (20)
Θi,2 = 1− δi (21)
Θi,3 = 1− ξi (22)
where i=1,2 for two copies of X state χ1 and χ2. If χi is
local then each of ǫi, δi and ξi must lie in [0,1] whereas if
nonlocal then at least one of these three variables must
lie in [-1,0).
III. ADVANTAGE OF BILOCAL ASSUMPTION
IN A NETWORK
In a bilocal network, let source S1 sends one copy of
X state χ1(4) to Alice and Bob and source S2 sends a
different copy of X state χ2 to Bob and Charlie. Let Bob
first performs full Bell basis measurement on his two par-
ticles, where the four outcomes being labeled as b0b1 =
00, 01, 10, 11. Outputs are designated as 00, 01, 10, 11,
if he obtains Bell states |φ+〉, |φ−〉, |ψ+〉 and |ψ−〉 re-
spectively. The final state is shared between Alice and
Charlie. Each of these two parties then perform any of
two projective measurements. Under arbitrary projective
measurement settings for Alice and Charlie, the maxi-
mum value of the bilocal operatorB(Eq.3), obtained by
maximization over measurement angles, is given by(see
Appendix A):
B ≤ B1, (23)
where
B1 =
√
Π2i=1(ςi − κi − ζi + di) + 4|Π2i=1(pi + qi)|.
5Hence the bilocal inequality (Eq.(3)) takes the form:√
Π2i=1(ςi − κi − ζi + di) + 4|Π2i=1(pi + qi)| ≤ 1 (24)
Violation of this inequality(Eq.24) by any two copies of X
state guarantees that the correlations generated by using
these two copies in a quantum network( characterized by
source independence) are nonbilocal in nature.
A. Local but nonbilocal correlations
In a network of three parties, a necessary condition
for any tripartite correlation to be local [53] is that the
corresponding bipartite correlations shared between Alice
and Charlie(conditioned on a particular output of Bob)
must satisfy CHSH inequality [20]. If two copies of T
states(6) are used in a bilocal network, as depicted above,
the bipartite correlations in between Alice and Charlie
are local if these correlations satisfy,
Maxi,j∈{1,2,3},i6=j [
√
c2i1c
2
i2 + c
2
j1c
2
j2] ≤ 1 (25)
However violation of Eq.(24) guarantees the nonbilocal-
ity of the correlations, i.e., if the correlations satisfy the
condition: √
Π2j=1c1j +Π
2
j=1c3j > 1. (26)
Clearly for any possible value of state parameters cij ,
left hand side of Eq.(26) has a larger value than that of
Eq.(25). There exists a possible range of state parame-
ters cij(see FIG.2) for which both Eq.(25) and Eq.(26)
are satisfied which in turn points out that the bilocal
assumption renders advantage in a quantum network to
reveal nonlocality(nonbilocality).
1. Resistance to noise
The last subsection guarantees the existence of local
but nonbilocal correlations in a network. It was already
pointed out by Branciard.et.al.([2]), that the most im-
portant physical interpretation of such correlations can
be obtained by quantifying the resistance to noise of the
nonbilocal correlations. For that we consider an entangle-
ment swapping scenario where each of two independent
sources Si produces a noisy two qubit state:
Λi = αi|ψ−〉〈ψ−|+(1−αi)1
4
, (whereαi ∈ [0, 1](i = 1, 2))
(27)
This family of states belong to the class of T states. Here
αi denotes the visibility of Λi(i = 1, 2) which is a measure
of the resistance to noise given by the state. The small-
est visibility( αi) for which Λi is local(in standard CHSH
FIG. 2: The shaded region gives the region of local but non-
bilocal correlations when two same copies of T states(τ1) are
used in a bilocal network.
scenario) is called the local visibility threshold(Vi)([2]).
Analogously, the smallest visibility for which the corre-
lation produced in the network is bilocal is called the
bilocal visibility threshold(Vbiloc). Now for the tripar-
tite correlations produced in the network to be local,
i.e., the bipartite correlations between Alice and Char-
lie conditioned on any possible output of Bob to vi-
olate Eq.(25), the corresponding smallest visibility is
given by Vloc. Clearly quantum advantage is obtained
if Vbiloc < Vloc. Vbiloc < Vloc corresponds to generation
of local but nonbilocal correlations in the network which
has already been discussed above. Let two copies of the
noisy state(Eq.(27)) are used in a bilocal network. The
visibility of bilocal and local correlations produced in a
network using the noisy states(Eq.(27))are determined by∏2
i=1 αi[2]. By using the bilocal criteria(Eq.(26)) for the
T states(6), it can be said that the correlations produced
are nonbilocal if
∏2
i=1 αi >
1
2 . Hence Vbiloc =
1
2 [2]. Now
the tripartite correlations generated in the network corre-
lations are local(25) if
∏2
i=1 αi >
1√
2
. Hence Vloc =
1√
2
.
Clearly Vbiloc < Vloc. Now it will be interesting to inves-
tigate the nature of the states(Eq.(27)) produced by the
sources that suffice to give quantum advantage, specifi-
cally to violate the bilocal inequality(Eq.(26)):
• At least one of the two copies must be nonlocal.
• Without loss of generality, let Λ1 be local and Λ2
nonlocal. Let φi(i = 1, 2) denote the parameters
quantifying the amount of deviation of the visibil-
ity parameter αi of Λi(i = 1, 2) from the local vis-
ibility threshold Vi. Hence α1 =
1√
2
− φ1, α2 =
1√
2
+ φ2. Nonbilocal correlations are produced for:
φ1−φ2+
√
2φ1φ2 < 0. φ1 and φ2 can thus be inter-
preted as measure of locality of Λ1 and nonlocality
of Λ2 respectively that suffice to generate nonbilo-
6cal correlations in a network using Λ1 and Λ2. It
is clear from FIG.3 that φ1 ∈ (0, 0.21) and hence
α1 ∈ (0.497, 0.707) which in turn implies that the
local copy must be entangled in order to violate
Eq.(3).
However, if both Λ1 and Λ2 are nonlocal then Eq.(26) is
violated if: φ1 + φ2 +
√
2φ1φ2 > 0 whereα1 =
1√
2
+
φ1, α2 =
1√
2
+ φ2. But this case is not noteworthy as
the two copies being nonlocal, generation of nonbilocal
correlations becomes quite obvious.
B. Nonbilocality versus hidden nonlocality
As already discussed before, there exist some states
whose nonlocality is revealed only when subjected to se-
quential measurements. For analyzing the efficiency of
bilocality assumption against the requirement of sequen-
tial measurements for revealing nonlocality of a quantum
state, we consider filtering operations. Let the state(ρAB)
shared between two parties be an X state(Eq.(4)). The
class of projective measurements(filtering operations) are
given as:
FA = λ1|0〉〈0|+ |1〉〈1|, λ1 ∈ [0, 1] (28)
FB = |0〉〈0|+ λ2|1〉〈1|, λ2 ∈ [0, 1] (29)
The density matrix of the filtered state(Eq.(28)) is given
by:
ρˆAB =
1
N1
 ςλ
2
1λ
2
2 0 0 pλ1λ2
0 κλ21 qλ1λ2 0
0 λ21λ
2
2 ζλ
2
2 0
pλ1λ2 0 0 d
 (30)
where N1 = ςλ
2
1λ
2
2 + κλ
2
1 + ζλ
2
2 + d.
Now in the bilocal network, let source S1(say) generates
a state which is local in standard sense(upto projective
measurements) but is nonlocal under filtering operation
and let S2 generates a nonlocal state and let nonbilocal
correlations be generated. In this case it can be said
that the state which was local in standard sense and
may not generate any better than any classical corre-
lation unless subjected to suitable filtering operations,
when used in a bilocal network(hence no sequential mea-
surement), now help to generate nonbilocal correlations.
This in turn points out the efficiency of bilocal assump-
tion over hidden nonlocality. To be more precise bilocal
assumption reduces the requirement of filtering opera-
tions over a state so that it may be used for generating
non local correlations. The class of X states are local if
Eq.(18) holds. Under filtering operations(Eqs.(28),(29)),
the bound for violation of CHSH inequality by the fil-
tered state(Eq.(30)) is given in Table(I)(see Appendix
C). After extensive numerical tests, we conjecture that
for any local copy of X state(χ1) which violates CHSH
after filtering, when used in a bilocal network along with
a nonlocal copy of X state(χ2), nonbilocal correlations
are generated under some restrictions imposed on both
χ1 and χ2. This in turn justifies our claim that bilocal
inequality(Eq.(24)) may sometimes reduce the require-
ments of filtering operations for generation of non local
correlations. In support of our conjecture we consider a
particular subclass of X state[26]:
̺ = α|ψ−〉〈ψ−|+ (1 − α)
2
(|00〉〈00|+ |01〉〈01|), α ∈ [0, 1]
(31)
A local model under projective measurements of this class
of states (which is entangled for α > 0) exists for α ≤ 12 .
However this state is local for α ≤ 1√
2
(Horodecki crite-
ria). Under filtering operations(Eqs.(28),(29)) with δ =
ǫ√
α
, this class exhibits hidden nonlocality for any α > 0
as the bound for violation of the filtered state(Table.I,
see Appendix C) is given by 2
√
1 + α. Now let two
copies of this subclass ̺i(i = 1, 2) are used in a net-
work(characterized by source independence). Let α1 ≤
1
2 , i.e., ̺1 has local model. Let ̺1 exhibits hidden non-
locality, i.e., α1 ∈ (0, 12 ]. Let ̺2 be nonlocal. Hence
α2 >
1√
2
. The correlations generated in the network
are nonbilocal for Vbiloc(=
∏2
i=1 αi) >
1
2 . However
the correlations produced in the network are local as
Vloc(=
∏2
i=1 αi) ≤ 1. Hence nonbilocality can be gen-
erated without performing sequential measurements for
a restricted range of visibilities of the two copies which
is the same as that for the class of states(Eq.(27)) (see
FIG.3). Clearly at least one of the two copies must be
nonlocal and if ̺2 be maximum nonlocal then the vis-
ibility (α1) of the local copy (̺1) must be at least 0.5.
FIG. 3: This figure analyzes the tradeoff of the visibilities
α1and α2 of the local (̺1(Λ1)) and nonlocal (̺2(Λ2)) copies
respectively in terms of their deviations from Vi =
1√
2
. The
restricted range of visibilities of the two copies that suffice to
give quantum advantage when used in a network is given by
φ1 − φ2 +
√
2φ1φ2 < 0 where α1 =
1√
2
− φ1, α2 = 1√
2
+ φ2.
Clearly if one copy is maximum local then the other copy suf-
fices to be just nonlocal.
7C. Quantumness of non steerable states
The steering condition(Eq.(15)) and violation of in-
equality(Eq.(3)) both can be considered as criteria that
suffice to exploit non local behavior of quantum corre-
lations. While the former signifies presence of weaker
form of nonlocality in standard Bell-CHSH sense, viola-
tion of the latter is the signature of the presence of non-
bilocality and hence nonlocality(apart from the standard
Bell-CHSH notion). Here we mainly focus on comparing
efficiency of these two inequalities to reveal nonlocality
and consider X states, for this task. Using the steering
criteria(Eq.(15)) it becomes certain that any state(say ρ)
of this class is steerable(from Alice to Bob’s direction)if
it satisfies:
Max{|R1|, |R2|, |R3|} < 2
3
(R21 +R
2
2 +R
2
3) (32)
where R1 = 2(p+q),R2 = 2(p−q) and R3 = ς−κ−ζ+d
Now let two identical copies of the state(ρ) are used in an
entanglement swapping network. Depending on any par-
ticular output of Bob’s full basis measurement(say |ψ+〉),
the final state, shared in between Alice and Charlie, is
steerable(from Alice to Charlie’s direction) if it satisfies:
Max{|R′1|, |R
′
2|, |R
′
3|} <
2
3
((R
′
1)
2 + (R
′
2)
2 + (R
′
3)
2) (33)
with R
′
1 =
2(p+q)2
W
,R
′
2 =
2(p−q)2
W
and R
′
3 =
(κ+ζ)R3+2(κζ−ςd)
W
and W = (κ+ ζ) + 2(ςd− κζ). If these
two copies of ρ are used in a bilocal network, where the
intermediate party Bob performs full Bell basis measure-
ment with the extreme two parties Alice and Charlie per-
forming projective measurements, the correlations gener-
ated are nonbilocal in nature if :√
4R21 +R
2
3 > 1. (34)
There exist some states(see FIG.4) of this class which
violate the steering criteria(Eq.(15)) both before and af-
ter being swapped in an entanglement swapping net-
work. This is indicated when such a state(ρ) initially
violates Eq.(32) and the state, resulting in the entangle-
ment swapping network(using two identical copies of the
state ρ) conditioned on any particular output of Bob, say
|ψ+〉 violates Eq.(33). Hence steerability of the state(ρ)
cannot be guaranteed when shared between two parties,
both before and after being used in a network. But when
two copies of the state(ρ) are used in a bilocal network,
they generate nonbilocal correlations(Eq.(34)). This in
turn justifies our claim that bilocal criteria(Eq.(3)) is
more efficient in revealing non-classicality of a quantum
system.
IV. ENTANGLEMENT AND NONBILOCALITY
Existence of entanglement in a bipartite state is neces-
sary for the correlations produced by suitable measure-
FIG. 4: This figure indicates a restricted region of the state
parameters ς, κ and ζ of the class of X states(Eq.(4))for some
fixed value of the other two state parameters(p = 0.24, q = 0).
A state, corresponding to any value of ς, κ and ζ, lying in any-
one portion of the shaded region, cannot be guaranteed to be
steerable in nature both before and after being used in an en-
tanglement network(considering the final state shared between
Alice and Charlie is obtained if Bob obtains |ψ+〉 as an out-
put of full Bell basis measurement) but generates nonbilocal
correlations if used in a bilocal network. This region in turn
indicates the advantage of bilocal assumption over the concept
of steering to exploit quantumness of a state.
ments on the state in a quantum network to reveal non-
locality, not only in standard Bell-CHSH sense but also
hidden nonlocality. In a bilocal network for generation
of nonbilocal correlations via violation of the bilocal in-
equality(Eq.(3)), two copies of the state used must be
entangled. However the bilocal inequality(Eq.(3)) is only
a sufficient criteria for detection of nonbilocal correla-
tions. As has been already discussed, Branciard et.al.
gave an example in [1] showing that the set of correla-
tions generated in a network using a separable state along
with an entangled state cannot have a bilocal decomposi-
tion(Eqs.(1),(2)). However if one uses the bilocal inequal-
ity(Eq.(3)) for detection of nonbilocality then that re-
quires entanglement of both the copies of two qubit quan-
tum states used in the network. Here we have proved this
analytically for two same copies of T states. Among sev-
eral well-known measures of two qubit entanglement[54–
56] we pick the measure of concurrence[55]. Concurrence
for the T states reads as:
E(τ1) = max{0, |c11 − c21| − |1− c31|
2
,
|c11 + c21| − |1 + c31|
2
}
(35)
T states is separable if E(τ1) = 0 i.e, |c11|+ |c21|+ |c31| ≤
1. When two same copies of states from this family of
states are used in the bilocal network, nonbilocal correla-
tions are generated if c211 + c
2
31 > 1. Now if it is possible
to generate nonbilocal correlation by using two separable
copies of T states then
√
1− c211 < 1 − |c11| − |c21| i.e,
when |c21| ≤ 1 − |c11| −
√
1− c211. Now as 1 − |c11| ≤
8√
1− c211, so the last inequality implies |c22| < 0. Hence
entanglement is necessary to generate nonbilocal correla-
tion by using two same copies of T states. From extensive
numerical tests, we can safely conclude that even if we
use two different copies of T states, then both of them
must be entangled so as to generate nonbilocal correla-
tions. In fact we have argued in the next section that
not even two different copies of local states can generate
nonbilocal correlations under projective measurements.
V. SUFFICIENT CRITERIA OF
NONBILOCALITY
After analyzing the manifold utilities of the bilocal as-
sumption for testing quantumness in a network, it is how-
ever interesting to note that there exist some nonbilo-
cal correlations that satisfy the bilocal inequality(Eq.3)
but violation of this inequality by any correlation ensures
nonbilocality. Thus violation of this inequality can be re-
garded as a convenient tool for testing nonbilocality. So
from the application viewpoint it is interesting to analyze
the criteria under which the physical systems (state) sent
by the sources exhibit nonbilocality. If source Si emits
χi(i = 1, 2) then bilocality equation takes the form (for
proof, see Appendix B):√√√√√
√√√√ 2∏
i=1
(1 − δi + ǫi − ξi) +
√√√√ 2∏
i=1
(1 − δi − ǫi + ξi) ≤
√
2
(36)
Under projective measurements, if both the copies of X
state used in the network are local then Eq.(36) cannot
be violated(see Appendix B). Let us now assume one of
the two copies used in the network be nonlocal. Let χ1,
χ2 be the local and nonlocal copy respectively. Let χ2
violates CHSH inequality [20] maximally and let χ1 be
maximum local. Even in that case Eq.(36) cannot be
violated if δ2 ∈ [0, 1] or δ1 ∈ [1/2, 1] or both(see Ap-
pendix B). So far we have put forward the cases which
cannot assure to show nonbilocality. In this context we
now provide a set of sufficient criteria under which the
correlations emerging in a network will definitely exhibit
nonbilocality. For this purpose, we consider the subclass
of T states(6)
A. Sufficient Criteria for T states
The inequality (Eq.(36)) imposes restrictions on the
state parameters of the two copies of T(τi) state so that
nonbilocal correlations are generated in a network using
these restricted copies of T states, if Eq.(36) is violated.
Apart from violation of Eq.(36), the variables δi, ǫi and
ξi controlling the state parameters of both local and non-
local copies should satisfy
(i) 1− ǫi ≥ |ξi − δi|
(ii) (δi − ξi)2 ≥ 0
(iii) Depending on the possible values of the state pa-
rameters, δi, ǫi and ξi get further restricted as:
1. Fi ≤
√
2+ |Gi−Hi| when (c1i±c2i are of same
sign, and c2i is of opposite sign and c3i > 0) or
(c1i±c2i, and c2i are of same sign and c3i < 0).
2. Hi ≤
√
2−(Fi+Hi) when (c1i±c2i are of same
sign, and c2i is of opposite sign and c3i < 0)
or (c1i±c2i, and c2i are of same sign and c3i >
0)or (c1i−c2i , c1i are of same sign but c1i+c2i
is of opposite sign and c3i < 0) or (c1i + c2i ,
c1i are of same sign but c1i− c2i is of opposite
sign and c3i > 0).
3. Gi ≤
√
2+ |Fi−Hi| when (c1i− c2i , c1i are of
same sign but c1i + c2i is of opposite sign and
c3i > 0) or (c1i+ c2i , c1i are of same sign but
c1i − c2i is of opposite sign and c3i < 0).
where Fi =
√
1− ǫi + ξi − δi, Gi =√
1− ǫi − ξi + δi and Hi =
√
1 + ǫi − ξi − δi
.
A particular subclass of T states is the one parameter
family of alpha states [57]:
ρ(α
′
) =

α
′
2 0 0
α
′
2
0 1−α
′
2 0 0
0 0 1−α
′
2 0
α
′
2 0 0
α
′
2

with α
′ ∈ [0, 1]. For this family Eq.(36) takes the form:√√√√ 2∏
i=1
(2α
′
i − 1) + Π2i=1α′i > 1 (37)
α
′
i denotes the parameter of the i-th copy (i = 1, 2)
of the alpha state. Here ǫi = 1 − 2(α′i)2, δi = ξi =
1−(α′i)2−(2α
′
i−1)2. Clearly, criteria (i) and (ii) are satis-
fied by α
′
i. Depending on the signature of c3i some restric-
tions imposed on α
′
i by criteria (iii). If c3i = 2α
′
i− 1 > 0,
i.e., α
′
i >
1
2 then α
′
i restricted by criteria (1)of (iii),
whereas if c3i < 0 then criteria (2) restricts the range
of α
′
i. However, one can easily check that no further re-
striction is imposed on the state parameter other than it
should lie in the range [ 12 , 1] in the former case, whereas
the range should be [0, 12 ] in the latter one. Finally, under
the restriction imposed by Eq.(37) the two copies of alpha
state can generate nonbilocality only if α
′
i ≥ 12 (i = 1, 2)
(see FIG.5).
9FIG. 5: The region of the parameters (α
′
1, α
′
2) of the two
copies of alpha states which generates nonbilocality is shown
here.
B. Criteria for maximal violation of Eq.(36)
It becomes clear from the symmetry of ǫi and ξi
(Eq.(36)) that T states violate the nonbilocal inequal-
ity(Eq.(36)) maximally in the ξi = ǫi, (i = 1, 2) plane.
The assumption ǫi = ξi, (i = 1, 2) implies |c1i| = |c3i|.
For ξi = ǫi, (i = 1, 2) Eq.(36) becomes:
2∏
i=1
(1− δi) ≤ 1 (38)
It becomes clear from Eq.(38) that under projective mea-
FIG. 6: Restriction over δ1 and δ2 for generating nonbilocal
correlations show that both δ1 and δ2 can take max value
1
2
.
Also both of them cannot be positive simultaneously.
surements, violation of Eq.(38) in a network is due to
δi (i = 1, 2) and hence the locality of the local copy
and nonlocal nature of the nonlocal copy are required
to ( due to δ1 and δ2 respectively) violate this inequal-
ity(see FIG.6). We now impose restrictions on the vari-
ables ǫi(= ξi), and δi(i = 1, 2) of local copy and nonlocal
copy separately which in turn restrict the parameters of
the two copies(local and nonlocal) of the state produced
by the two sources Si(i = 1, 2) simultaneously. These re-
stricted states suffice to generate nonbilocality in a net-
work. An obvious restriction is imposed on δ1 and δ2(see
FIG.6) through the inequality
2∏
i=1
(1− δi) > 1. (39)
For further restrictions, we start with the T states. When
τ1 local and τ2 nonlocal, the restrictions are (for proof, see
Appendix. B) :
C1 : 0 ≤ δ1 ≤ ǫ1 ≤ 4
√
2(1−δ1)+5(δ1−1)
2 , when (c11 ± c21
are of same butc21 is of opposite sign and c31 > 0)
or, (c11± c21 and c21 are of same sign and c31 < 0).
C2 : 0 ≤ ǫ1 ≤ δ1, when (c11− c21 , c11 are of same sign
but c11 + c21 is of opposite sign and c31 > 0) or,
(c11 + c21, c11 are of same sign but c11 − c21 is of
opposite sign and c31 < 0).
C3 : δ2 ≤ ǫ2 ≤ 4
√
2(1−δ2)+5(δ2−1)
2 , when (c12 ± c22 are
of same sign and c22 is of opposite sign and c32 > 0)
or, (c12 ± c22 andc22 are of same sign and c32 < 0).
C4 : δ2−12 ≤ ǫ2 ≤ δ2, when (c12 − c22 , c12 are of same
sign but c12 + c22 is of opposite sign and c32 > 0)
or, (c12 + c22, c12 are of same sign but c12 − c22 is
of opposite sign and c32 < 0).
with δ1 ∈ [0, 1/2) and δ2 ∈ (−1, 0).
When τi(i = 1, 2) both nonlocal: In this case, sign of
δ1 gives rise to two subcases. If δ1 ∈ [0, 1/2) then the
restrictions on τ1 gets modified as
δ1 − 1
2
≤ ǫ1 < 0,
when (c11, c11 − c21 are of same sign but c11 + c21 is of
opposite sign and c31 > 0) or, (c11 + c21,c11 are of same
sign but c11−c21 is of opposite sign and c31 < 0), whereas
that on τ2 remain same. If δ1 < 0 then the restrictions
on ǫ1 and δ1 are the same, as those imposed on ǫ2 and
δ2.
Conclusion: In [1] the authors showed that there exists
quantum advantage in a network under the assumption
of source independence. ‘Quantum advantage’ refers to
revelation of nonlocal character of correlations (gener-
ated in a network) apart from the standard CHSH sense.
In this context, we have analyzed the various utilities
of the source independence assumption to generate non-
local correlations in a network. The above discussions
clearly justifies that the bilocal assumption is more useful
and hence the corresponding Bell-type inequality(Eq.3)
is more efficient to demonstrate quantumness of correla-
tions compared to some well-known preexisting method
such as revelation of hidden nonlocality of a state by
performing sequential measurements and concepts such
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as steering nonlocality. Rest of our paper deals with the
restrictions which when imposed on the states generated
by the sources in a network (characterized by source in-
dependence), suffice to produce quantum advantage. To
be specific, we have provided a set of sufficient criteria for
two qubit T states. The related discussion so far points
out the fact that violation of Eq.(3) acts as a sufficient
criteria to demonstrate quantum advantage in a network
using two qubit states.
The bilocal scenarios were introduced in [1]. Till then this
crucial assumption has been the topic of discussion in few
other papers([2–7]). The discussion in this manuscript
however reveals the importance of this assumption from
the application viewpoint. This in turn points out man-
ifold directions of potential future research. It is clear
from the restrictions on the class of Werner states (27)
that both the copies of the state used in the network
(under projective measurements) must be entangled so
as to give quantum advantage via the violation of this
inequality. But Eq.(3) is only a sufficient condition to
get nonbilocal correlations [2]. Intuitively it will be in-
teresting to modify this inequality such that violation of
the modified inequality serves not only as a sufficient but
also as a necessary condition to give quantum advantage.
Also it will be interesting if Alice and Charlie perform
more generalized measurements(POVMs). As generation
of nonbilocal correlations is unambiguously more useful
in exploiting nonlocal behavior in a quantum system, it
may be interesting to find the degrees of relaxation of
physical constraints such as measurement independence,
determinism required to explain violation of the bilocal
inequality Eq.(3) and compare the same with the corre-
sponding degrees of relaxation required for violation of
standard Bell-type inequalities[58–60].
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Appendix A
To derive the bilocal inequality(Eq.24) upto projective
measurements we follow the method used in [61]. As
already discussed in the main text, in the bilocal net-
work, source S1 sends one copy of X state χ1(Eq.(4))
to Alice and Bob and source S2 sends a different copy
of X state χ2 to Bob and Charlie. Bob first per-
forms full Bell basis measurement on his two particles.
The four outcomes are given by b0b1 = 00, 01, 10, 11.
He outputs 00, 01, 10, 11 if he obtains Bell state |φ+〉,
|φ−〉, |ψ+〉 and |ψ−〉 respectively. The final state is
shared between Alice and Charlie. Each of these two
parties then perform any of two projective measure-
ments. Alice performs projective measurement in any
one of two arbitrary directions −→αi: Ai = −→αi.−→σ (i =
1, 2) where −→αi = (sin θαi cosφαi , sin θαi sinφαi , cos θαi ), (i =
1, 2). The set of projective measurements of Char-
lie are given by Ci =
−→γi .−→σ (i = 1, 2) where −→γi =
(sin θγi cosφ
γ
i , sin θ
γ
i sinφ
γ
i , cos θ
γ
i ), (i = 1, 2). Under ar-
bitrary projective measurement settings for Alice and
Charlie, the correlation terms I and J(Eq.3) are given
by:
I =
Π2i=1(ςi − κi − ζi + di)(cos θα1 + cos θα2 )(cos θγ1 + cos θγ2 )
4
(A1)
J =
4Π2i=1(pi + qi)(sin θ
α
1 cosφ
α
1 − sin θα2 cosφα2 )(sin θγ1 cosφγ1 − sin θγ2 cosφγ2 )
4
(A2)
So the bilocal inequality(Eq.3) takes the form:
B ≤ 1. (A3)
From Eq.(A3) it is clear that B involves eight measure-
ment angles. In order to obtain the bound of the bilocal
inequality(Eq.(24)) we have to maximize B over these
eight measurement angles. Maximizing over φγ1 , φ
γ
2 , φ
α
1
and φα2 , we get
B ≤
√
Π2i=1(ςi − κi − ζi + di)|(cos θα1 + cos θα2 )(cos θγ1 + cos θγ2 )|
4
+
√
4|Π2i=1(pi + qi)(sin θα1 + sin θα2 )(sin θγ1 + sin θγ2 )|
4
,
(A4)
the maximum being obtained for φγ1=φ
α
1=0 and
φγ2=φ
α
2=π. The bound of B given by Eq.(A4) involves
four measurement angles. Clearly there exists a symme-
try in between the measurement angles θα1 and θ
α
2 param-
eterizing measurement settings of Alice. So maximizing
over θα1 and θ
α
2 is equivalent to maximization over any
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one of them, i.e. we can assume θα1=θ
α
2 . Similarly a
symmetry exists in between the measurement angles θγ1
and θγ2 parameterizing measurement settings of Charlie
and so we can assume θγ1=θ
γ
2 . Also there exists symme-
try in between the two pairs (θα1 , θ
α
2 ) and (θ
γ
1 , θ
γ
2 ). So
we can replace one pair by the other. Hence in totality,
the maximum value can be obtained when all the four
measurement angles are equal: θα1=θ
α
2=θ
γ
1=θ
γ
2=β (say).
Hence
B ≤
√
4Π2i=1(ςi − κi − ζi + di) cos2 β
4
+
√
16
|Π2i=1(pi + qi)| sin2 β
4
=
√
Π2i=1(ςi − κi − ζi + di) cosβ +
√
4|Π2i=1(pi + qi)| sinβ
≤
√
(
√
Π2i=1(ςi − κi − ζi + di))2 + (
√
4|Π2i=1(pi + qi)|)2, (A5)
where the last inequality is obtained by using the inequal-
ity k1 cos θ + k2 sin θ ≤
√
k21 + k
2
2 , for any positive value
of k1 and k2. This inequality(Eq.(A5)) ultimately gives
the form of the bilocal inequality given by Eq.(24).
Appendix B
First we will derive the bilocal inequality Eq.(36).
Eqs.(19,38) give:
(p2i + q
2
i ) =
1− ǫi
8
(B1)
(ςi − κi − ζi + di)2 + 4(pi + qi)2 = 1− δi (B2)
(ςi − κi − ζi + di)2 + 4(pi − qi)2 = 1− ξi (B3)
It is clear from Eqs.(B1,B2,B3) that
1− δi > |ξi − ǫi|. (B4)
Using Eqs.(B1,B2,B3) we get ςi − κi − ζi + di =
±
√
1−δi+ǫi−ξi
2 and 2(pi + qi) = ±
√
1−δi−ǫi+ξi
2 . This in
turn gives Eq.(36).
Now Eq.(36) can be written as :
(
√√√√√
√√√√ 2∏
i=1
|Pi −Qi|+
√√√√ 2∏
i=1
|Pi +Qi| ≤
√
2 (B5)
where Pi = 1 − δi and Qi = ξi − ǫi. Clearly Pi ≥ 0.
If δi ≥ 0 then Pi ∈ [0, 1] and if δi < 0 then Pi ∈ [1, 2].
Eq.(B4) implies Pi > |Qi|(i = 1, 2). Now we consider
τi(i = 1, 2) to be both local. In that case maximum
value of
(
√√√√√
√√√√ 2∏
i=1
|Pi −Qi|+
√√√√ 2∏
i=1
|Pi +Qi|
is
√
2. Hence the correlations produced in a network
using two local copies τi cannot violate Eq.(36). Again
let δ2 < 0 and δ1 ≥ 12 . Then the maximum value of
(
√√∏2
i=1 |Pi −Qi|+
√∏2
i=1 |Pi +Qi| is
√
2. Hence in
this case also Eq.(36) cannot be violated. So if δi > 0(i =
1, 2) or if one of the δi(i = 1, 2) say δ2 < 0 and the other
one δ1 ≥ 12 or both then Eq.(36) cannot be violated.
Proof of the sufficient criterion. To prove the sufficient
criterion, first we introduce the following variables Ai,
Bi, Ci, Di and Ei such that Ai = 2
√
2pi, B
i = 2
√
2qi,
Ci = 2(pi + qi), D
i = 2(pi − qi), Ei = (ςi − κi − ζi + di)
(i = 1, 2). Then Eqs.(20,21,22) can be written in the
form
(Ai)2 + (Bi)2 = 1− ǫi (B6)
(Ei)2 + (Ci)2 = 1− δi (B7)
(Ei)2 + (Di)2 = 1− ξi (B8)
Hence (Ci)2 = 1+ξi−ǫi−δi2 , (D
i)2 = 1−ξi−ǫi+δi2 and
(Ei)2 = 1−ξi+ǫi−δi2 . State conditions impose the con-
straints p2i ≤ ςidi and q2i ≤ κiζi. Since ςi = di, κi = ζi
(for T states), 2(ςi + ζi) = 1 and E
i = 2(ςi − ζi), the
above constraints reduces to
−(1 + Ei)√
2
≤ Ai ≤ (1 + E
i)√
2
(B9)
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and
−(1− Ei)√
2
≤ Bi ≤ (1− E
i)√
2
. (B10)
Again Ai = C
i+Di√
2
and Bi = C
i−Di√
2
, so the above equa-
tions get modified as
−(1 + Ei)√
2
≤ C
i +Di√
2
≤ (1 + E
i)√
2
(B11)
and
−(1− Ei)√
2
≤ C
i −Di√
2
≤ (1− E
i)√
2
. (B12)
For T states ςi − κi − ζi + di = 2c3i, pi − qi = −2c2i
and pi + qi = −2c1i There are 16 possible different cases
corresponding to the different sign of Ai, Bi, Ci, Di and
Ei which ultimately give rise to the following four pairs
of inequalities:
• 1a.) 0 ≤
√
1+ξi−ǫi−δi+
√
1−ξi−ǫi+δi
2 ≤√
2+
√
1−ξi+ǫi−δi
2
1b.) 0 ≤
√
1+ξi−ǫi−δi−
√
1−ξi−ǫi+δi
2 ≤√
2−√1−ξi+ǫi−δi
2
when(c1i ± c2i are of same sign and c2i is of
opposite sign and c3i > 0) or (c1i ± c2i and c2i are
of same sign and c3i < 0).
• 2a.) 0 ≤
√
1+ξi−ǫi−δi−
√
1−ξi−ǫi+δi
2 ≤√
2+
√
1−ξi+ǫi−δi
2
2b.) 0 ≤
√
1+ξi−ǫi−δi+
√
1−ξi−ǫi+δi
2 ≤√
2−√1−ξi+ǫi−δi
2
when(c1i ± c2i are of same sign and c2i is of
opposite sign and c3i < 0) or (c1i ± c2i and c2i are
of same sign and c3i > 0).
• 3a.) 0 ≤
√
1−ξi−ǫi+δi−
√
1+ξi−ǫi−δi
2 ≤√
2+
√
1−ξi+ǫi−δi
2
3b.) 0 ≤
√
1+ξi−ǫi−δi+
√
1−ξi−ǫi+δi
2 ≤√
2−√1−ξi+ǫi−δi
2
when (c1i − c2i , c1i are of same sign but c1i + c2i
is of opposite sign and c3i < 0) or (c1i + c2i,c1i are
of same sign but c1i − c2i is of opposite sign and
c3i > 0).
• 4a.) 0 ≤
√
1+ξi−ǫi−δi+
√
1−ξi−ǫi+δi
2 ≤√
2+
√
1−ξi+ǫi−δi
2
4b.) 0 ≤
√
1−ξi−ǫi+δi−
√
1+ξi−ǫi−δi
2 ≤√
2−√1−ξi+ǫi−δi
2
when (c1i − c2i , c1i are of same sign but c1i + c2i
is of opposite sign and c3i > 0) or (c1i + c2i,c1i are
of same sign but c1i − c2i is of opposite sign and
c3i < 0).
Throughout the discussion below we consider τ2 as the
nonlocal copy. Now for the other copy τ1, first we con-
sider it to be local.
Different cases of the local copy(τ1): under the assump-
tion of ξ1 = ǫ1. First we consider the pair of inequalities
1a and 1b. Positivity of (1 + δ1 − 2ǫ1) implies
ǫ1 ≤ 1 + δ1
2
. (B13)
inequalities of 1a are obvious for a local copy(i.e., for δ1
and ξ1 ∈ [0, 1]). Under the assumption ξ1 = ǫ1, first and
second inequalities of (1b) becomes√
1− δ1 −
√
1 + δ1 − 2ǫ1 ≥ 0 (B14)
and√
1− δ1 −
√
1 + δ1 − 2ǫ1 ≤
√
2−
√
1− δ1 (B15)
respectively. Clearly, Eq.(B14) and Eq.(B15) implies
δ1 ≤ ǫ1 and√
1 + δ1 − 2ǫ1
2
≥
√
2(1− δ1)− 1 (B16)
respectively. The above relation is obvious if δ1 ≥ 12 . By
taking δ1 ≤ 12 , the above relation(Eq.(B16)) gets modi-
fied as
ǫ1 ≤ 5(δ1 − 1) + 4
√
2(1− δ1)
2
(B17)
Hence, for δ1 ≤ 12 , Eq.(B13) and Eq.(B17) implies
ǫ1 ≤ min{5(δ1 − 1) + 4
√
2(1− δ1)
2
,
1 + δ1
2
}. (B18)
But
5(δ1−1)+4
√
2(1−δ1)
2 ≤ 1+δ12 . Hence for a local copy
0 ≤ δ1 ≤ ǫ1 ≤ 5(δ1−1)+4
√
2(1−δ1)
2 when δ1 ≤ 12 . Following
the same procedure as for 1a and 1b, for the last pair (i.e
4a and 4b) we have 0 ≤ ǫ1 ≤ δ1. Now we consider the
pair (2a, 2b); similarly as in the previous cases, from the
second inequality of (2b) we get
√
1 + δ1 − 2ǫ1
2
≤ 1−
√
2(1− δ1). (B19)
The above inequality is satisfied only when δ1 ≥ 12 .
Again from Eq.(38)it is clear that the inequality holds
only when δ1 <
1
2 . Hence nonbilocal correlation cannot
be obtained if one uses a local state whose parameters
are restricted by this pair of inequalities(2a and 2b)
as in a network under projective measurements and
(non)bilocal inequality considered here. Same analysis
holds good for the pair (3a) and (3b).
Different cases of the nonlocal copy(τ2): Here, δ2
and/or ǫ ∈ [−1, 0). But as already discussed before,
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when τ1 is local(δ1 > 0) then if δ2 > 0, Eq.(36) can-
not be violated. Hence δ2 < 0 is a sufficient condition
for violation of Eq.(36). For (1a,1b) case, first inequal-
ity of 1a imposes obvious restriction. Again positiv-
ity of (1 + δ2 − 2ǫ2) and second inequality of (1a) i.e.,√
1+ξ2−ǫ2−δ2−
√
1−ξ2−ǫ2+δ2
2 ≤
√
2−√1−ξ2+ǫ2−δ2
2 together
give:
δ2 − 1
2
≤ ǫ2 ≤ 1 + δ2
2
. (B20)
Also from first and second inequality of (2b) implies
δ2 ≤ ǫ2 ≤ 5(δ2 − 1) + 4
√
2(1− δ2)
2
forδ2 < 0. (B21)
It is easy to check that the restriction imposed on ǫ2
in Eq.(B21) is more stronger than in Eq.(B20). Hence,
Eq.(B20) and Eq.(B21) together imply δ2 ≤ ǫ2 ≤
5(δ2−1)+4
√
2(1−δ2)
2 for δ2 <
1
2 . Following the same pro-
cedure as in the previous case, for the last case (4a, 4b)
we have δ2−12 ≤ ǫ2 ≤ δ2. Now we consider (2a,2b) as a
nonlocal copy, then from the first inequality of (2a) and
second inequality of (2b) we get
δ2 ≤ ǫ2 (B22)
and √
1 + δ2 − 2ǫ2
2
≤ 1−
√
2(1− δ2). (B23)
respectively. But the last Eq.(B23) holds only when
δ2 >
1
2 and since δ2 ≤ ǫ2, So Eq.(B22) and Eq.(B23)
simultaneously hold only when 12 < δ2 < ǫ2. But this is
not possible for a nonlocal copy.
Similarly as in local copy nonbilocal correlation cannot
be obtained when one use (2a,2b) and (3a,3b) as a non-
local copy. Hence in order to get nonbilocal correlation
(1a,1b) and(4a,4b) are the only valid pairs of inequal-
ities to impose restrictions on both local and nonlocal
copies(τ1 and τ2 respectively) which along with restric-
tion given by Eq.(38), suffice to violate Eq.(36). Next we
consider both τi(i = 1, 2) to be nonlocal. Firstly we put
another restriction on τ1 by considering δ1 > 0. Under
these restrictions (4a,4b) is the only valid pair of inequal-
ity which imposes the restriction: δ1−12 ≤ ǫ1 < 0. But if
δ1 < 0, then we get the same restrictions as that for δ2
and ǫ2.
Appendix C
Maximal bound for violation of CHSH inequality by
the filtered state X state(Eq.(30)) is enlisted in the fol-
lowing table.
State Parameter Bound For Violation of CHSH
pq > 0 Max[8
√
2(p2+q2)(λ1λ2)2
N1
,
2
√
4(p+q)2(λ1λ2)2+(d−cλ22−κλ21+ς(λ1λ2)2)2
N1
]
pq < 0 Max[8
√
2(p2+q2)(λ1λ2)2
N1
,
2
√
4(p−q)2(λ1λ2)2+(d−cλ22−κλ21+ς(λ1λ2)2)2
N1
]
TABLE I: The bounds for violation of CHSH inequality by
a filtered X state(Eq.(30)) are listed here. The bound differs
depending on the signature of pq. Here N1 = ςλ
2
1λ
2
2 + κλ
2
1 +
ζλ22 + d.
